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We investigate the realization of the emergent universe scenario in theories with natural UV
cutoffs, namely a minimum length and a maximum momentum, quantified by a new deformation
parameter in the generalized uncertainty principle. We extract the Einstein static universe solutions
and we examine their stability through a phase-space analysis. As we show, the role of the new
deformation parameter is crucial in a twofold way: Firstly, it leads to the appearance of new Einstein
static universe critical points, that are absent in standard cosmology. Secondly, it provides a way for
a graceful exit from the Einstein static universe into the expanding thermal history, that is needed
for a complete and successful realization of the emergent universe scenario.
PACS numbers: 04.50.Kd, 98.80.-k, 98.80.Cq
I. INTRODUCTION
According to the concordance model of cosmology our
universe has most probably begun from an initial singu-
larity at a finite past. The introduction of the inflation
paradigm as a successful way to solve the horizon, flat-
ness and magnetic monopole problems [1], did not affect
the initial singularity issue, which is still considered as a
potential, conceptual disadvantage [2]. Finally, in order
to describe the observed late-time universe acceleration
a cosmological constant was added, leading eventually
to the ΛCDM cosmology, namely the Standard Model
of the universe. Nevertheless, in spite of the remarkable
successes of this paradigm, its physical content relating
to the two accelerating phases at early and late times is
still not satisfactory, and furthermore, the initial singu-
larity problem remains open.
There are two ways one could follow in order to bypass
the initial singularity problem. The first is to consider
the scenario of bouncing cosmology, in which the current
universe expansion followed a previous contracting phase,
with the scale factor being always non-zero [3, 4]. The
second is to consider the scenario of “emergent universe”
[5], in which the universe originates from a static state,
namely from the “Einstein static universe”, and then it
enters the inflationary phase, without passing from any
singularity. However, both these alternative cosmological
scenarios cannot be obtained in the framework of general
relativity. Concerning the Einstein static universe, which
is a necessary ingredient of the emergent universe sce-
nario, it can be shown that it is significantly affected by
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the initial conditions such as perturbations, which domi-
nate at the Ultra-Violet (UV) limit, and hence it is indeed
unstable against classical perturbations which eventually
lead it to collapse to a singularity [6].
In order to alleviate the above problems one may follow
the way to introduce new degree(s) of freedom, beyond
the standard model of particle physics or/and general
relativity. A first direction is to consider exotic forms of
matter that could provide a successful description of the
universe behavior in the framework of general relativity
(see [7, 8] and references therein). The second direc-
tion is to construct a gravitational modification whose
extra degrees of freedom could describe the universe at
large scales, while still possessing general relativity as a
particular limit [9, 10]. Concerning the initial singular-
ity issue, modified gravity, amongst others, can trigger
the cosmological bounce [11], or it can cure the emer-
gent universe scenario by making Einstein static universe
stable. In particular, the Einstein static universe and
thus the emergent universe scenario, can be successfully
realized in various gravitational modifications, such as
in Einstein-Cartan theory [12], in f(R) gravity [13], in
f(T ) gravity [14], in loop quantum cosmology [15], in
massive gravity [16], in Horˇava-Lifshitz gravity [17], in
braneworld models [18, 19], in null-energy-condition vio-
lated theories [20] etc, although the successful exit from
the Einstein static universe towards the subsequent ex-
panding thermal history is not always achieved.
One interesting gravitational modification in the UV
regime arises through the use of the “generalized uncer-
tainty principle” [21], which seen as a quantum gravity
approach might be related with other quantum gravity
models such as Double Special Relativity [22] and string
theory [23]. Although one can have more than one gen-
eralizations of the uncertainty principle, the most inter-
esting one is when one modifies the standard Heisenberg
algebra by a linear and a quadratic term in Planck length
2and momentum respectively, which leads to the existence
of two natural UV cutoffs, namely minimum length and
maximum momentum [24]. Hence, when applied to a
cosmological framework, these natural cutoffs give rise
to extra terms in the Friedmann equations, which can
have interesting implications.
In the present work we are interested in investigating
the Einstein static universe and the emergent universe
scenario in the framework of theories with natural UV
cutoffs. In particular, we show how the induced extra
terms in the cosmological equations lead to the realiza-
tion and stability of the Einstein static universe, as well
as offering the mechanism to a phase transition to the in-
flationary era and the subsequent thermal history of the
universe.
The plan of the manuscript is the following: In sec-
tion II, we briefly review generalized uncertainty princi-
ple with two UV cutoffs, and we apply it in a cosmological
framework. In section III we extract the Einstein static
universe solutions. In section IV we examine the stability
of the Einstein static universe by performing a dynamical
system analysis, studying its exit towards the inflationary
era. Finally, in section V we provide the conclusions.
II. THEORIES WITH NATURAL UV CUTOFFS
AND THEIR COSMOLOGY
In this section we briefly present theories with natu-
ral UV cutoffs, and then we apply them in a cosmolog-
ical framework. As we mentioned in the Introduction,
in general this kind of theories arise from the consider-
ation of generalizations of the uncertainty principle [21].
Although one may have more than one such generaliza-
tions, in the present work we focus on the generalization
with two natural UV cutoffs, namely a minimum length
and a maximummomentum [24]. In order to achieve this,
one starts by modifying the standard Heisenberg algebra
at high energy scales, by a linear and a quadratic term
in Planck length and momentum respectively, as
[xi, pj ] = i~
[
δij − α
(
pδij+
pipj
p
)
+ α2
(
p2δij+3pipj
)]
,
(1)
with i, j = 1, 2, 3, where via the Jacobi identity [25] it is
guaranteed that [xi, xj ] = 0 = [pi, pj ]. The parameter α
quantifies the quantum gravity deformation parameter,
and can alternatively be written as α = α˜cMpl =
ℓpl
~
α˜,
with Mpl and ℓpl the Planck mass and Planck length re-
spectively, c the speed of light, and ~ the induced Planck
constant. The dimensionless parameter α˜ according to
experiments is bound to be smaller than 1011, however
theoretical arguments suggest that its value should be
around 1, in order for minimal length effects to be im-
portant only around the Planck length and not introduce
a new physical scale between the Planck and the elec-
troweak scale [25–27].
Let us now apply the above generalized uncertainty
principle in a cosmological framework. Since the quan-
tum gravity deformation parameter α is expected to have
effects only at high energy scales, we will focus on the
early-time phases of the cosmological evolution, which
indeed will correspond to the realization of the emer-
gent universe. We start by considering the homogeneous
and isotropic Friedmann-Robertson-Walker (FRW) ge-
ometry, with metric
ds2 = −N2dt2 + a2(t)
(
dr2
1− k r2 + r
2dΩ2
)
, (2)
where a(t) is the scale factor and N the lapse function,
and with k = 0,+1,−1 corresponding to flat, close and
open spatial geometry respectively.
One can extract the field equations in the above met-
ric, i.e. the Friedmann equations, via the Hamiltonian
constraint HE = 0, namely [28]:
HE = κ
4
Np2a
a
+
Nak
κ
−Na3ρ+ λP , (3)
with κ ≡ 1/3M2pl = 8πG/3 the gravitational constant,
and where λ and P are the Lagrange multiplier and the
momentum conjugate to the lapse function N , respec-
tively. In the above expression ρ is the energy density
of the universe content, corresponding to a perfect fluid
with equation-of-state parameter w.
In general, for two typical variables A and B,
the Poisson brackets are defined as {A,B} =(
∂A
∂xi
∂B
∂pj
− ∂A∂pi ∂B∂xj
)
{xi, pj}, where the canonical vari-
ables xi and pj in the cosmological context are replaced
by a and pa, respectively. Although using the stan-
dard uncertainty principle they satisfy the usual relation
{a, pa} = 1, considering the deformed Poisson algebra
that arises from the generalized uncertainty principle (1),
up to first order in α, the Poisson bracket between a and
pa becomes [24]
{a, pa} = 1− 2αpa . (4)
Hence, using the Poisson algebra we obtain the following
modified equations of motion
a˙ = {a,HE} = ∂HE
∂pa
(1− 2αpa), (5)
p˙a = {pa,HE} = −∂HE
∂a
(1 − 2αpa). (6)
Inserting HE from (3) in the above equations, using its
constraint value HE = 0, and combining them, we finally
extract the first Friedmann equation, namely 1(
a˙
a
)2
= κρ− kc
2
a2
−2
√
2καc2a2ρ3/2
(
1− kc
2
κa2ρ
)3/2
. (7)
1 In principle, the modified Friedmann equations should be de-
rived from a full quantum gravitational action corresponding to
the fundamental theory. However, since such a quantum-gravity
modified action is still unknown, it is common in literature to
3Additionally, taking the time-derivative of this equation,
and using also the usual energy conservation relation
ρ˙+ 3
a˙
a
ρ(1 + w) = 0 , (8)
we arrive at the second Friedmann equation, namely
a¨
a
= −κ
2
(1 + 3w)ρ− 7
√
κ
2
αc2a2ρ3/2
(
1− kc
2
κa2ρ
)3/2
+3αc2a2ρ1/2
[√
κ
2
(1+3w)ρ−
√
2
κ
kc2
a2
](
1− kc
2
κa2ρ
)1/2
.(9)
As we observe, the two Friedmann equations (7) and (9)
include terms with the quantum gravity deformation pa-
rameter α, i.e they have been modified by the gener-
alized uncertainty principle. As expected, in the limit
α → 0 they give rise to the standard Friedmann equa-
tions. It is necessary to note that similar UV modified
Friedman equations have been discussed earlier in the
context of cosmology induced from other quantum grav-
ity approaches such as loop quantum gravity (LQG) 2
and Snyder noncommutative geometry, see Refs. [32, 33]
and [34].
Finally, as we have mentioned, we note that the above
modified Friedmann equations have been extracted keep-
ing terms up to first order in α. If we additionally keep
terms up to second order in α in the deformed Poisson
bracket (4), the corresponding modified Friedmann equa-
tions will include terms such as α2a4ρ2
(
1− kc2κa2ρ
)2
. Al-
though mathematically these extra terms will have an
effect on the existence and stability of the critical points
that will be analyzed in the following, in the energy scales
that are of interest in the present work, namely those
that correspond to pre-inflation epoch where ρ ≫ |k|c2κ ,
the effects of α2-dependent terms are very tiny and negli-
gible in comparison with α-dependent terms. Moreover,
we notice that the commutator relation (1), even in the
absence of α2 term matches with other models of gener-
alized uncertainty principle and well-known approaches
to quantum gravity, string theory and doubly spacial rel-
ativity, see for instance [24]. Hence, in summary, the
first-order-in-α approximation is very efficient, and can
capture the main effects of natural UV cutoffs.
consider quantum-gravitational effects phenomenologically, i.e.
by deforming the standard commutation relations as has been
mentioned above. Nevertheless, we mention that there is an in-
verse method to generate a canonical Hamiltonian structure, and
subsequently an action, from arbitrary modifications of the dy-
namical equations, as it was formulated in detail in [29].
2 In Refs. [30, 31] it has been shown that the generalized un-
certainty principle can be deduced in the context of LQG due
to polymer quantization of the background spacetime geometry.
Hence, one could consider that the corrections appearing in the
dynamical equations, might arise from LQG with some higher
spin representation.
III. EINSTEIN STATIC UNIVERSE
In this section we show that in the cosmological appli-
cation of the generalized uncertainty principle the Ein-
stein static universe can be realized. Let us extract the
Einstein static universe solutions. Inserting the condi-
tions of the Einstein static universe, i.e. a constant scale
factor a = as, with a¨|a=as = a˙|a=as = 0, at an energy
density ρ = ρs, in the two Friedmann equations (7) and
(9), and focusing for mathematical convenience (although
this is not necessary) on the regime ρ ≫ |k|c2κ (which is
a very robust approximation since in SI units it becomes
ρ ≫ |k| × 1027 kg m−3, while we know that the energy
density corresponding to (pre)-inflation scale is ∼ 1093
kg m−3) we find
κρs − kc
2
a2s
+
6αkc2√
2κ
ρ1/2s − 2
√
2καc2a2sρ
3/2
s = 0 , (10)
3k2c4α√
2κ3ρs
1
a4s
+
[
3kc2
2
√
2κ
(2− w)α − κ
2
(1 + 3w)ρs
]
1
a2s
−2
√
2καρ3/2s = 0 . (11)
The solution of this system of algebraic equations will
give the critical points of the cosmological scenario at
hand, namely the pair of values for {as, ρs} that corre-
spond to Einstein static universe solutions. For conve-
nience we study the flat and non-flat cases separately.
A. Flat universe (k = 0)
In the case of a flat geometry, and for a generalw 6= −1,
the system (10),(11) accepts only the trivial solution
as →∞, ρs → 0, independently of the values of α. How-
ever, in the special case where w = −1, i.e where the
universe is filled with a cosmological constant, we obtain
an Einstein static universe solution for every ρs, with the
corresponding scale factor being
a2s =
√
κ
2α
√
2
√
ρs
. (12)
Note that the role of a non-zero quantum gravity de-
formation parameter α is crucial in making the above
solution non-trivial, since in the limit α → 0 it becomes
the aforementioned trivial solution.
B. Non-flat universe (k 6= 0)
Let us now investigate the non-flat universe. In this
case, the system (10),(11) accepts four solutions, i.e four
4Critical Points (CP), namely
CP 1 :
(
1
a2s
)
1
= 0, (13)
CP 2 :
(
1
a2s
)
2
= −3α
2c6k(2− w)
κ2(1 + 3w)
×
{
−1 +
√
1 +
32
3
[
1 + 3w
(2− w)2
]}
,(14)
CP 3 :
(
1
a2s
)
3
= −3α
2c6k(2− w)
κ2(1 + 3w)
×
{
−1−
√
1 +
32
3
[
1 + 3w
(2− w)2
]}
,(15)
CP 4 :
(
1
a2s
)
4
= −2
√
q1
3
sinh
(q2
3
)
, (16)
with
q1 = −12k
2c12α4
κ4
[
w2 + 20w + 12
(1 + 3w)2
]
,
q2 = sinh
−1
(
3q3
q4q1
)
,
q3 =
36k3c6α6
κ6
(2 − w)
(1 + 3w)2
[
1− 4
9
(2− w)2
1 + 3w
]
,
q4 =
4kc2α2
κ2(1 + 3w)
√
−w2 − 20w − 12 . (17)
The Critical Point 1 is the trivial one with as → ∞.
The Critical Point 2 is physical for k = +1, w > 2 or
k = −1, − 13 < w < 2, with the second case being the
realistic one. The Critical Point 3 is physical for k = +1,
− 13 < w < 2 or k = −1, w > 2, with the first case being
the realistic one. Finally, Critical Point 4 is physical for
−10 − 2√22 < w < −10 + 2√22, which includes the
cosmological constant value w = −1. We stress once
again the crucial role of the deformation parameter α
that arises from the generalized uncertainty principle, in
the existence of the three non-trivial critical points, since
in the limit α→ 0 all points coincide with the first, trivial
one.
For each one of the above solutions for as, the corre-
sponding ρs is given by
ρ1/2s = −
1
3A
(
κ+∆2 +
∆0
∆2
)
, (18)
where
∆2 =
3
√
∆1 +
√
∆21 − 4∆30
2
,
∆0 ≡ κ2 − 3AB,
∆1 ≡ 2κ3 − 9κAB + 27A2C , (19)
with
A ≡ −2
√
8κ
c4
αa2s, B ≡
6αkc4√
2κ
, C ≡ −kc
4
a2s
. (20)
Relation (18) provides the energy density ρs correspond-
ing to the derived critical points in the static configu-
ration in terms of k, κ, w, c and α. In order to examine
whether the resulting values are compatible with the en-
ergy of the inflationary epoch, in the following Table we
present the approximate obtained values of ρs. As we
can see, we acquire a very good compatibility with the
energy density at the inflationary phase.
Number of CP (ρs)k=+1 kg/m
3 (ρs)k=−1 kg/m
3
CP 2 ∼ 1097 ∼ 1097
CP 3 ∼ 10110 ∼ 1097
CP 4 ∼ 1095 − 1096 ∼ 1095 − 1096
TABLE I: The approximate values of ρs corresponding to the
non-trivial obtained critical points, calculated through (18).
IV. DYNAMICAL STABILITY
In the previous section we showed that Einstein static
universe can be a solution of the cosmological equations
in the framework of the generalized uncertainty principle.
In the present section we desire to analyze the dynamical
stability of these solutions, i.e to see whether the universe
can remain in such a phase for very large time intervals.
In order to perform the dynamical analysis one usu-
ally expresses the cosmological equations as a dynamical
system, and performing linear perturbations around the
previously obtained solutions he proceeds to a detailed
phase-space analysis, by examining the eigenvalues of
the involved perturbation matrix, which reveals whether
these solutions are stable or unstable [35]. In the follow-
ing we will follow the alternative but equivalent (in cases
of 2D equation systems) approach of [14, 19, 36, 37]. In
particular, we perturb linearly the Friedmann equations
(7) and (9) in the regime ρ≫ |k|c2κ , around the obtained
Einstein static universe solutions (12) and (13)-(16). The
perturbations in the scale factor and matter density read
as:
a(t)→ as(1 + δa(t)),
ρ(t)→ ρs(1 + δρ(t)) . (21)
Inserting into the first Friedmann equation (7), using
(1 + δa(t))n ≃ 1 + nδa(t),
(1 + δρ(t))n ≃ 1 + nδρ(t), (22)
and neglecting terms with two differentials, we obtain
κρs(1 + δρ)− kc2a−2s − 2
√
2καa2sρ
3/2
s + 2kc
2a−2s δa
−3αkc
2
√
2κ
ρ1/2s (2 + δρ)−
√
2καa2sρ
3/2
s (3δρ+ 4δa) = 0.(23)
5Similarly, using (21) to perturb the second Friedmann
equation (9), and neglecting terms with two differentials,
we obtain
δa¨ =
(
4
√
2καa2sρ
3/2
s +
126αk2c4√
(2κ)3
a−2s ρ
−1/2
s
)
δa
−
[
3
√
2καa2sρ
3/2
s −
3αkc2√
2κ
(2− w)ρ1/2s
+
3αk2c4√
(2κ)3
a−2s ρ
−1/2
s +
κ
2
(3w + 1)ρs
]
δρ . (24)
In the following two subsections we examine the flat
and non-flat cases separately.
A. Flat universe (k = 0)
In the case of a flat universe, (23) leads to
(
δρ
δa
)
=
(
4
√
2καa2sρ
3/2
s
κρs − 3
√
2καa2sρ
3/2
s
)
. (25)
Thus, inserting (25) into (24) and neglecting terms higher
than O(α2), we acquire
δa¨+ γfδa = 0 , (26)
with
γf =
6
√
2ακ3/2a2sρ
3/2
s (w + 1)
κ− 3√2αa2sρ1/2s
. (27)
However, as we found in subsection III A, the non-trivial
Einstein static solution (12) exists only for w = −1,
which leads to the limiting value γf = 0. Hence, we
deduce that the scenario at is stable.
In order to provide an additional verification of the
above result, we apply the procedure of [38–40]. We in-
troduce two variables, namely x1 = a and x2 = a˙, and
hence the linear perturbations of the Friedmann equa-
tion (9), around the critical point (12) and with w = −1,
leads to
x˙1 = x2 ≡ O1(x1, x2), (28)
x˙2 = κρsx1 − 2
√
2καρ3/2s x
3
1 ≡ O2(x1, x2). (29)
Hence, the eigenvalues square λ2 of the Jacobian matrix
J
(
O1(x1, x2), O2(x1, x2)
)
=
(
∂O1
∂x1
∂O1
∂x2
∂O2
∂x1
∂O2
∂x2
)
, (30)
calculated at the critical point (12), is just
λ2 = −2κρs. (31)
As we observe, the above eigenvalues square is negative
for all physical cases (ρs > 0), independently of the value
-10 -5 0 5 10
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FIG. 1: The phase diagram in (a, a˙) or (x1, x2) space (upper
graph) and the evolution of the scale factor (lower graph), for
the spatially flat cosmology, with equation-of-state parameter
w = −1, for the choice α = 1, in units where c = ℓpl = 1, κ =
1/3. The value of ρs has been chosen as ρs = 10
2, in order
to be consistent with the condition ρ≫ |k|c
2
κ
.
of α. Thus, the Einstein static universe in the flat ge-
ometry is always stable, as we also found through (27).
Nevertheless, as we mentioned above, we note that the
presence of a non-zero α still has the crucial effect to
make this critical point non-trivial.
In order to see the above effect more transparently, in
the upper graph of Fig. 1 we present the phase-space
behavior for the spatially flat cosmology with equation-
of-state parameter w = −1, where the stable Einstein
static universe critical point is clear (the physical criti-
cal point is the one with x1 > 0). Moreover, in order to
verify the stability of the Einstein static universe solu-
tion in an alternative way, in the lower graph of Fig. 1
we depict the evolution of the scale factor after a small
perturbation around this solution. As can be seen, the
universe exhibits small oscillations around the Einstein
static universe, without deviating from it, as expected.
In summary, as we can see from the simple case of flat
geometry, the effect of the quantum gravity deformation
parameter that arise from the generalized uncertainty
principle is twofold: Firstly, it leads to a non-trivial Ein-
stein static universe solution that is absent in standard
cosmological models, and secondly it leads to its stabi-
6lization. Note that although in some emergent universe
scenarios quantum effects are responsible for destabiliza-
tion [41], the present incorporation of quantum effects
through natural UV cutoffs is the cause of stabilization.
This is one of the main results of the present work, and
will become more transparent in the more interesting so-
lutions in the case of non-flat geometry.
B. Non-flat universe (k 6= 0)
In the case of a non-flat universe, (23) leads to
(
δρ
δa
)
=

 4√2καa2sρ3/2s − 2kc2a−2s
κρs − 3αkc2√2κ ρ
1/2
s − 3
√
2καa2sρ
3/2
s

 . (32)
As expected, in the limit α→ 0 we re-obtain the standard
result, namely
(
δρ
δa
)
= − 2kc2a2sκρs . Replacing (32) into (24)
and neglecting terms higher than O(α2), we acquire
δa¨+ γnfδa = 0 , (33)
with
γnf =
[
κρs(f1 + f2) + f3 + f4 + f5 + f6 + f7
f8
]
, (34)
and
f1 = 4
√
2καa2sρ
3/2
s ,
f2 =
12αk2c4√
8κ3
a−2s ρ
−1/2
s ,
f3 = 2
√
2κ3α(3w + 1)a2sρ
5/2
s ,
f4 = −6
√
2καkc2ρ3/2s ,
f5 = − 6αk
3c6√
8κ3ρsa4s
,
f6 =
6αk2c4ρ
1/2
s (2− w)√
2κa2s
,
f7 = −kc2κ(3w + 1)ρsa−2s ,
f8 = −3
4
f1 +
3αkc2√
2κ
ρ1/2s + κρs, (35)
and where as and ρs have to be replaced from (13)-(16)
for the four Einstein static universes respectively. Equa-
tion (33) is the perturbation equation of FRW cosmology
in the case of generalized uncertainty principle. As ex-
pected, in the limit α → 0 it reduces to the standard
result, namely
δa¨− kc
2
a2s
(3w + 1)δas = 0 . (36)
Let us now examine whether we can obtain γnf > 0.
The form of γnf given in (34), calculated at the non-
trivial critical points (14)-(16), is too complicated to ac-
cept any analytical treatment, and thus we will examine
FIG. 2: The coefficient of the perturbation equation γnf
versus the quantum gravity deformation parameter α and
the equation-of-state parameter w, for the case of Critical
Point 2 of (14), in the case of open geometry, in units where
c = ℓpl = 1, κ = 1/3.
FIG. 3: The coefficient of the perturbation equation γnf
versus the quantum gravity deformation parameter α and the
equation-of-state parameter w, for the case of Critical Point
3 of (15), in the case of closed geometry, in units where
c = ℓpl = 1, κ = 1/3.
the value of γnf numerically. In Fig. 2 we present γnf
versus α and w, for the case of Critical Point 2 of (14),
in the case of open geometry (since for the open geom-
etry this point exists for the more physically interesting
w-interval, namely − 13 < w < 2). As we can see, for
the regions of its existence, we obtain γnf > 0 if α ac-
quires positive values. Hence, the scenario at hand can
be stable. Similarly, in Fig. 3 we present γnf versus α
and w, for the Critical Point 3 of (15), in the case of
closed geometry (where − 13 < w < 2). As we observe,
this point can be stable for suitable choices of α and w.
Finally, in Fig. 4 we present γnf versus α and w, for
the Critical Point 4 of (16), for a part of the range of its
existence, namely for −10 − 2√22 < w < −10 + 2√22,
in the case of closed and open geometry. Similarly to the
previous critical points, we can see that for suitable val-
7ues of α and w this point, which is the most interesting
one concerning the successful realization of the emergent
universe scenario, is stable.
FIG. 4: The coefficient of the perturbation equation γnf
versus the quantum gravity deformation parameter α and the
equation-of-state parameter w, for the case of Critical Point
4 of (16), in the case of closed (upper graph) and open (lower
graph) geometry, in units where c = ℓpl = 1, κ = 1/3.
Let us verify the above results using the approach of
[38–40], and express them in a more transparent way. We
introduce the two variables x1 = a and x2 = a˙, and there-
fore the linear perturbations of the Friedmann equation
(9) around the Critical Points (13)-(16) leads to
x˙1 = x2 ≡ O1(x1, x2), (37)
x˙2 =
[
3kc2
2
√
2κ
(2− w)α − κ
2
(1 + 3w)ρs
]
x1
−2
√
2καρ3/2s x
3
1 +
3k2c4α√
2κ3ρs
1
x1
≡ O2(x1, x2). (38)
The eigenvalues square of the Jacobian matrix (30), for
the above O1(x1, x2),O2(x1, x2), calculated at the non-
trivial Critical Points 2, 3 and 4, read as follows.
For the Critical Points 2 and 3 we have
λ2 = −9αk
2c5
16κ
[
(2 − w)2
1 + 3w
] [
2f(w)2± + f(w)±
]
+
2κ4
9α4kc2
(
1 + 3w
2− w
)3
f(w)−3± , (39)
with f(w)± ≡ −1 ±
√
1 + 323
[
1+3w
(2−w)2
]
, where the plus
sign corresponds to Critical Point 2 and the minus sign
to Critical Point 3. As we can see, for the range where
they are physical, namely for k = +1, w > 2 or k = −1,
− 13 < w < 2 for Critical Point 2, and for k = +1, − 13 <
w < 2 or k = −1, w > 2 for Critical Point 3, we always
get λ2 < 0, and thus both points are always stable.
Let us now examine the stability of the Critical Point
4 given in (16). The corresponding eigenvalues square of
the Jacobian matrix is found to be
λ2 = − 9α
2
2
√
2κ2q1 sinh
2( q23 )
+
3kc2(w − 2)
16
√
q1
3
sinh
(q2
3
)
− κ
2q1
12α2
(1 + 3w) sinh2
(q2
3
)
. (40)
Hence, we deduce that the sign of λ2 depends on both
α and w in a complicated way that does not allow for
an analytical treatment, and thus in order to examine
its behavior we will resort to numerical elaboration. In
Fig. 5 we depict λ2 versus w for various values of α, for
the case of closed and open geometry (as we mentioned
earlier we consider the realistic values of α˜, and thus of α
in the units we use, to be around 1 in order for minimal
length effects to be important only around the Planck
length and not introduce a new physical scale between
the Planck and the electroweak scale [25–27]).
The Critical Point 4 exhibits a very interesting behav-
ior concerning the realization of the exit from the static
universe and of the emergent universe scenario. In par-
ticular, for both spatial geometries we can have a stable
Einstein static universe (Critical Point 2 for k = −1 or
Critical Point 3 for k = +1) for very long time intervals
(infinite in the past if w approaches 0 in the past). As
time passes and the universe equation-of-state parame-
ter decreases these critical points become unstable and
are exchanged with their unstable counterpart Critical
Point 4, offering a natural graceful exit from the Einstein
static universe and an entering into the usual expanding
thermal history (this procedure is more efficient for the
closed geometry, since Critical Point 4 is always unstable
for suitable values of α). This behavior is also achieved
in complicated models of the emergent universe in some
various modified gravities [38], however in the present
scenario it is obtained solely from the quantum gravity
deformation parameter α.
Hence, from the above we can deduce the central role of
the quantum gravity deformation parameter that arises
from the generalized uncertainty principle: It leads to
non-trivial Einstein static universe solutions that are ab-
sent in standard cosmological models, and it provides a
mechanism for a successful exit from a stable Einstein
static universe into the expanding thermal history, i.e.
for a complete realization of the emergent universe sce-
nario. This is one of the main results of the present work.
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FIG. 5: The eigenvalues square λ2 versus the equation-of-state
parameter w for the critical point 4 given in (16), for closed
(upper graph) and open (lower graph) geometry, for various
values of α, namely α = 0.88 (solid curve) α = 0.92 (dotted
curve) α = 0.96 (dashed curve) α = 1 (dashed-dot curve), in
units where c = ℓpl = 1, κ = 1/3.
V. DISCUSSIONS AND CONCLUSIONS
In the present work we investigated the realization of
the emergent universe scenario in the framework of theo-
ries with natural UV cutoffs. In particular, we considered
the generalized uncertainty principle, which includes a
deformation parameter α that arises from quantum grav-
ity modifications corresponding to two natural cutoffs,
namely a minimum length and a maximum momentum.
Applying it in a cosmological framework we obtained the
modified Friedmann equations and we studied them in
detail to see whether we can acquire Einstein static uni-
verse solutions, which are the basic concept in the real-
ization of the emergent universe scenario.
As a first step we extracted the Einstein static uni-
verse solutions, analyzing for convenience the flat and
non-flat cases separately. Then, performing a dynamical
analysis in the phase space we examined the dynamical
stability of these solutions. As we showed, the role of
the new deformation parameter α is crucial in a twofold
way. Firstly, it leads to the appearance of new Einstein
static universe critical points, that are absent in standard
cosmology, and this is true also in the flat case where
standard cosmology does not accept an Einstein static
universe. Secondly, the deformation parameter α plays a
central role in providing a mechanism for a graceful exit
from a stable Einstein static universe into the expand-
ing thermal history, i.e. for a complete and successful
realization of the emergent universe scenario. This dou-
ble role of α, i.e. of the quantum gravity modifications
arising from the natural UV cutoffs, is one of the main
results of the present work.
In summary, we conclude that the emergent universe
scenario can be successfully realized in the framework of
cosmology with generalized uncertainty principle arising
from the presence of natural UV cutoffs.
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